This paper is devoted to the buckling analysis of thin composite plates under straight single-walled carbon nanotubes reinforcement with uniform distribution and random orientations. In order to develop the fundamental equations, the B3-Spline finite strip method along with the classical plate theory (CPT) is employed and the total potential energy is minimized which leads to an eigenvalue problem. For deriving the effective modulus of thin composite plates reinforced with carbon nanotubes, the Mori-Tanaka method is used in which each straight carbon nanotube is modeled as a fiber with transversely isotropic elastic properties. The numerical results including the critical buckling loads for rectangular thin composite plates reinforced by carbon nanotubes with various boundary conditions and different volume fractions of nanotubes are provided and the positive effect of using carbon nanotubes reinforcement in buckling of thin plates is illustrated.
1.Introduction
In recent years, there has been a growing trend towards using composite materials in many engineering fields. Many researchers have attempted to reinforce composite structures by high strength reinforcements, among which the carbon nanotubes are widely used.
In this regard, many researchers have elaborated on the material properties of the composites reinforced with CNTs. Among these investigations, it can be referred to Fukuda and Kawatawho evaluated the Young modulus of composite structures reinforced by short fibers [1] . Also Ajayan et al. studied the polymer composites reinforced by aligned CNT arrays [2] . Griebel and Hamaekersused the molecular dynamics simulations to evaluate the elastic moduli of CNT reinforced composite structures [3] . Esawi and Faragshowed that reinforcing composite structures by CNTs leads to a considerably high stiffness while economical [4] .
In order to examine the behavior of CNT reinforced composites in bending and buckling, several researches have been conducted. Vodenitcharova and Zhang studied the bending and local buckling of a nanocomposite beam reinforced by a single-walled CNT by employing the Airy stress-function method to analyze the deformation of the matrix [5] . Shen studied the postbuckling of nanotube-reinforced composite cylindrical shells in thermal environments [6] . Zhu et. Al discussed the static and free vibration of composite plates under CNT reinforcement by employing the finite element method [7] .
Finite strip method is a modified finite element method introduced by Cheung and has been obtained by discretizing the plate into some finite strips [8] . Bradford and Azhari investigated the buckling of plates with different end conditions using the finite strip method [9] .Azhari et al. applied the spline finite strip method augmented by the bubble functions for elastic analysis of rectangular plates to show that efficiently improves the convergence of the spline finite strip method with respect to strip subdivision [10] . Lotfi et al. studied the inelastic local buckling of skew thin thickness-tapered plates using Spline finite strip method [11] .
In the current study, the buckling analysis of thin composite plates reinforced with singlewalled CNTs is conducted. The distribution of nanotubes in the matrix is uniform and they are randomly oriented. In order to derive the fundamental equations to be applied in the buckling relations, the classical plate theory and B3-Spline finite strip method is used. It is noteworthy that the characterization of the CNTs properties is obtained through the MoriTanaka approach.
Eshelby-Mori-Tanaka approach
The Mori-Tanaka approach is introduced as an analytical method to characterize a linear elastic polymer matrix reinforced by a large number of dispersed CNTs that are aligned or randomly oriented, straight and of infinite length. This method assumes that each nanotube is embedded in an infinite matrix subjected to an effective stress ( m σ ) or an effective strain ( m ε ).According to Benveniste the effective elastic tensor is revised as follows [12] 
where I is the fourth-order identity tensor, the subscripts m and CN denote the quantities of the matrix and the nanotubes, respectively, m V and CN V stand for the volume fractions, and m C and CN C denote the elastic moduli tensors and A is the fourth-order tensor depending on the characteristics of the carbon nanotube. in which
where S is the Eshelby tensor derived by Mura [13] . In this study, the CNTs are assumed to be randomly oriented in the matrix. The orientation of a straight CNT is described by two Euler angles and  . In order to transform in global(x,y,z) coordinates to local (x',y',z') coordinates, the transformation matrix g is used as follows (3) Moreover, the orientation distribution of CNTs in a composite is characterized by a probability density function ( , )
   satisfying the normalization condition as below
In the above relation, in case that the orientations of CNTs are completely random, the density function is defined as ( , ) / 2
Considering the constitutive equations of the matrix phase, the strain and the stress vectors ( , )
CN   σ are related to the stress matrix m σ as below
The average strain and stress in all randomly oriented CNTs can be written as
where, the superscript "avg" denotes the average over special orientations. According the average theorems and substituting Eq. (9) in to the constitutive relation .  σ C ε , the effective elastic modulus tensor for randomly oriented CNTs in the matrix will be derived, which is not given here for brevity. According to the Mori-Tanaka approach, the composite is considered isotropic, and so its bulk modulus K and shear modulus G are defined as
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where m K and m G are the bulk and shear moduli of the matrix phase, respectively, and 
The constitutive stress-strain relations are then introduced as 
3. Mechanical buckling
The displacement field
In this section, mechanical buckling of thin composite plates reinforced with single-walled CNTs is discussed. Based on the classical plate theory (CPT), the displacement field is defined as 
where 0 u , 0 v and 0 w are the mid-plane displacements .
B3-Spline Finite strip approach
According to the classical plate theory for analysis thin plates, the ensuring displacement fields for one strip is 
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The shape function, ij w could be introduced as 
The out of plane buckling displacement of the plate,   w can be expressed as   
where K is the stiffness matrix of the plate.
Following the procedure typically used in B3-Spline finite strip method, the geometry stiffness matrix of the strip for a plate subjected to 
where g K is the geometric stiffness matrix and may be obtained as
In which
All of the equations are developed for one strip. After assembling the stiffness matrix of the plate, and the geometric stiffness matrix over all the strips of the plate, followed by imposing the boundary conditions. The critical buckling load of a composite plate reinforced by CNTs, defined as cr  , can be determined by solving the following eigenvalue problem using standard computer subroutines.
Numerical results
In Table 1 and compared with those obtained by Bradford and Azhari [13] . In Table 1 , the results are provided for various boundary conditions. As it can be observed from Table 1 , the results obtained from the present method have excellent accuracy. Table 3illustrates the values of  for CNT reinforced composite plates of Fig. 1 for different nanotube volumes ( CN V ). Here again the results for various boundary are discussed. As it was expected, by increasing the volume fraction of CNTs, the normalized critical buckling load increases as a result. Moreover, by comparing the results for different boundary conditions, it can be seen that the normalized critical buckling load for the free boundary conditions, showed with F in the tables, are considerably lower than those for the clamped boundary conditions which is quite realistic. Furthermore, as the volume fraction of CNTs increases, Bradford et al [13] 4.000 7.72 5.97 10.08 the normalized critical buckling loads increases which shows the influence of CNTs in increasing the stiffness of the plate. In Fig 2, the critical buckling load ( cr N ) versus aspect ratio ( / a b ) for composite plates reinforced with three CNTs volume fractions of 0.01, 0.05 and 0.1 is depicted. It is observed that the normalized critical buckling load increases with the volume fraction of CNTs. Moreover, as proved in the previous studies, by the increase in the aspect ratio, the critical buckling coefficient converges. 
Conclusions
In this paper, the B3-Spline finite strip method is successfully applied to the mechanical buckling analysis of thin composite plates reinforced with single-walled carbon nanotubes. The mechanical properties of carbon nanotubes embedded in the matrix are derived through the Mori-Tanaka approach. Comparison studies were conducted on the critical buckling load of composites without nanotubes to verify the present method and the results were found to be in good agreement with those available in literature. Several numerical examples for composites under carbon nanotubes reinforcement were provided and it was concluded that the change in carbon nanotubes volume fraction, boundary conditions, aspect ratio, thickness to width strongly affect the critical buckling load of the plate. 
